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Abstract
Although logic of quantum mechanics has been studied for a long time,
logic of QFT has not been studied before. We formulate logic of QFT
by introducing the perspective of dynamic logic, because the nature of two
fundamental operators in QFT, namely creation and annihilation operators,
is dynamic in the sense of logic. After we formulate dynamic logic of QFT,
we give a dynamic logical interpretation of fermions, the so-called vacuum
state, the zero vector and propagators in QFT. We also emphasize that
only a tautology > and a contradiction ⊥ are atomic formulas of our logic.
Finally, we show how Aharonov-Bohm effect can be explained naturally
from our dynamic logic of QFT. This paper should be the beginning of
studying logic of QFT from a dynamical point of view.
1 Introduction
Modern physics revealed that materials consist of some elementary particles like
electrons and quarks. The physics of elementary particles is described by the
quantum field theory (QFT), which can explain all fundamental processes in
nature quite precisely. Every elementary particle is associated with a quantized
field which gives the picture of non-deterministic creations and annihilations of
particles and this picture agrees with quantum phenomena.
Although real physical processes are complicated and many kinds of elemen-
tary particles exist, all physical phenomena observed in particle level, is based
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on creations and annihilations of fields. That is, a huge number of varieties
of the phenomena results from different combinations of the only creation and
annihilation operators.
Since their fundamental operations change states of fields, their feature is
essentially dynamic in the sense of logic. Therefore, in order to understand its
dynamism precisely, logic of QFT should be described by dynamic logic. However,
traditional quantum logic originated from Birkhoff and von Neumann’s memo-
rable paper [4] is described by not dynamic but static point of view. We presume
that the reason why logic of QFT has never been studied from the perspective of
formal logic is the lack of dynamism of quantum logic.
The purpose of this paper is to formulate logic of QFT by means of dynamic
logic, and deepen the understanding of QFT by giving a dynamic logical interpre-
tation of fermions, the so-called vacuum state, the zero vector and propagators.
Finally, we show that the Aharonov-Bohm effect (the AB effect) [1] can be ex-
plained naturally by using our dynamic logic of QFT.
Before discussing dynamic logic of QFT, we prepare some elementary notions
of QFT. We assume that the fields are fermionic, satisfying the anticommutation
relations:
aˆiaˆ
†
i + aˆ
†
i aˆi = 1ˆ, aˆiaˆi = aˆ
†
i aˆ
†
i = 0ˆ (1)
for all i specifying properties of the field, and
aˆ†i aˆj + aˆj aˆ
†
i = aˆiaˆj + aˆj aˆi = aˆ
†
i aˆ
†
j + aˆ
†
j aˆ
†
i = 0ˆ
for all i 6= j, where 1ˆ is the identity operator and 0ˆ is the zero operator which
maps from any states to zero vector. Let |i, ·〉 and |·〉 be the states with and
without the particle i. The actions of the creation and annihilation operators on
the states follow the rules:
aˆ†i |·〉 = |i, ·〉 , aˆi |i, ·〉 = |·〉 , aˆ†i |i, ·〉 = aˆi |·〉 = 0
for all i. Here 0 in the last equation means the zero vector.
We define propagators by
Pi = aˆ
†
i aˆi, P
⊥
i = aˆiaˆ
†
i (2)
which are the time reversal of each other. We notice that Pi and P
⊥
i are not only
Hermitian but also projective, satisfying P 2i = Pi and (P
⊥
i )
2 = P⊥i .
Besides the propagation, another fundamental operation in QFT is the tran-
sition of the state |i, ·〉 to |j, ·〉, which is simply performed by an action of aˆ†j aˆi.
Since the transition is not symmetric under the time reversal, we do not require
it to be Hermitian. It is, however, desirable if it is projective. We have found
Pji = aˆiaˆ
†
i + aˆ
†
jUjiaˆi (3)
2
is in fact projective, hence plays the role. Here Uji is any c-number dependent
on i, j. We notice that
Pii = 1ˆ (4)
whenever Uii = 1, because of (1). If the state |i, ·〉 has i but no j, the operation
of Pji on |i, ·〉 yields
Pji |i, ·〉 = Uji |j, ·〉 .
We notice that, when j is close to i, thus Uji − δji, with δji the Kronecker delta,
is small, Pji corresponds to the transition operator e
iL, if the local Lagrangian
L is given by
L = i
(
aˆ†i aˆi − aˆ†jUjiaˆi
)
. (5)
As we mentioned above, all phenomena are described by creation and anni-
hilation operators in QFT, thus we construct logic of QFT based on aˆ†i and aˆi.
Since both aˆ†i and aˆi change a state of fields, their feature is dynamic in the sense
of logic. From the perspective of logic, this kind of dynamic aspect is described
by dynamic logic. In the sequel, we introduce dynamic logic at first.
2 Quantum theory and dynamic logic
Dynamic logic has a long history, and it has been applied to the field of computer
science (for more details, see [7]). In dynamic logic, besides of the usual logical
connectives ¬ (negation), ∧ (conjunction), ∨ (disjunction) and → (implication),
the modal operator [a] compose formulas. That is, all formulas are made by the
following rules.
1. All atomic formulas are formulas.
2. If A and B are formulas, then ¬A, A∧B, A∨B, A→ B and [a]A are also
formulas for all actions a in dynamic logic.
The intended meaning of [a]A is “after executing the action a, the formula A
is necessary (surely) true.” More formally, if we use the symbol |ψ〉 |= A for “|ψ〉
satisfies A with probability 1,” the truth condition of [a]A is defined as
|ψ1〉 |= [a]A :⇔ |ψ2〉 |= A for all |ψ2〉 with |ψ1〉 a−→ |ψ2〉 , (6)
where |ψ1〉 a−→ |ψ2〉 means the action a can cause a transition from |ψ1〉 to |ψ2〉.
In this paper, we only use four types of actions such as
• a1; a2 (“execute a1, then execute a2 consecutively.”): |ψ1〉 a1;a2−→ |ψ2〉 if and
only if there exists a state |ψ′〉 such that |ψ1〉 a1−→ |ψ′〉 and |ψ′〉 a2−→ |ψ2〉,
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• a−1 (“undo the action a.”): |ψ1〉 a
−1
−→ |ψ2〉 if and only if |ψ2〉 a−→ |ψ1〉,
• A? (“test whether a formula A holds or not.”): |ψ1〉 A?−→ |ψ2〉 if and only if
|ψ1〉 = |ψ2〉 and |ψ1〉 |= A, and
• a1 ∪ a2 (“chose either a1 or a2, then execute the chosen one.”): |ψ1〉 a1∪a2−→
|ψ2〉 if and only if |ψ1〉 a1−→ |ψ2〉 or |ψ1〉 a2−→ |ψ2〉.
Since all |ψ1〉 a−→ |ψ2〉, a ∈ {a1; a2, a−1, A?, a1 ∪ a2} are defined, the truth condi-
tion of [a1; a2]A, [a
−1]A, [A?]B, and [a1 ∪ a2]A are also defined by (6).
More complicated actions are composed by these basic actions. For example,
(A?; a1)∪ ((¬A)?; a2) means “if A is true, then execute a1, otherwise execute a2.”
It corresponds to the so-called if-then-else statement in programming.
For all |ψ1〉, the existence of |ψ2〉 satisfying |ψ1〉 a−→ |ψ2〉 is called seriality of
a−→. It is well-known that the following conditions are equivalent, where 〈a〉A is
an abbreviation for ¬[a]¬A.
(S1)
a−→ is serial.
(S2) |ψ〉 |= [a]A → 〈a〉A for all states |ψ〉 and formulas A (e.g. [5, Exercises.
3.11(a)]).
(S3) |ψ〉 |= 〈a〉>, or equivalently |ψ〉 |= ¬[a]⊥, for all states |ψ〉 (e.g. [9, Prop.
2.4.1.]), where > and ⊥ stand for a tautology and a contradiction, respec-
tively.
When it comes to formulate logic of QFT from the perspective of dynamic
logic, some modification is needed: instead of [A?], ¬, ∨ and →, quantum con-
nectives such as
• [A?q] (quantum test) which corresponds to projection measurement in re-
gard to whether a state satisfies A or not,
• ∼ (quantum negation) which forms the orthogonal complement of a Hilbert
space,
• unionsq (quantum disjunction) which makes a superposed state, and
•  (quantum implication, also called Sasaki hook [8]) which assigns causes
for properties to be actual [11, 6]
are used. Note that the quantum conjunction coincides with the usual conjunc-
tion, thus we still use the symbol ∧ for the conjunction below.
These quantum connectives have already defined in dynamic quantum logic
(DQL) [2], thus we follow the definition in it. That is, by means of the quantum
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test [A?q] (see [3] for precise definition of [A?q]), the truth condition of quantum
formulas ∼A, A ∧B, A unionsqB and A B are defined as follows [2, 3]:
|ψ〉 |= ∼A :⇔ |ψ〉 |= [A?q]⊥, (7)
|ψ〉 |= A ∧B :⇔ |ψ〉 |= [(∼A)?q ∪ (∼B)?q]⊥, (8)
|ψ〉 |= A unionsqB :⇔ |ψ〉 |= ∼(∼A ∧ ∼B), (9)
|ψ〉 |= A B :⇔ |ψ〉 |= [A?q]B. (10)
DQL is recently developed from the standpoint of the so-called “operational
approach” [10] (see also [2]) to quantum logic. It is a kind of attitude to un-
derstand quantum-mechanical concepts as close as possible to actual phenomena
by clarifying the experimental procedure of their phenomena. Dynamic logic is
suitable for describing this operational aspect of quantum mechanics.
Although DQL incorporates a dynamic point of view into quantum logic, the
target of DQL is just quantum mechanics. For this reason, any notions peculiar
to QFT cannot be examined by using DQL. In other words, our dynamic logic
of QFT is totally new logic in itself, while DQL just gives a new interpretation
to the traditional logic of quantum mechanics originated from Birkhoff and von
Neumann’s work [4].
For example, DQL does not take creation and annihilation operators and
their all combinations into account. Therefore, dynamic logic of QFT should be
formulated as can treat them.
3 Dynamism of creation and anihilation opera-
tors
In this section, we formulate logic of QFT by using dynamic logic.
First of all, we define a new action a¯i corresponding to an annihilation oper-
ator aˆi. Since a creation operator aˆ
†
i is a time reversal operator of aˆi, “undo the
action a¯i,” namely (a¯i)
−1, corresponds to aˆ†i . We write these correspondences as
h(aˆi) = a¯i and h(aˆ
†
i ) = (a¯i)
−1 by the bijection h from operators to actions. More-
over, we assume that the composition of (aˆ◦i )1, . . . , (aˆ
◦
i )n ∈ {aˆ†i , aˆi} corresponds
to h((aˆ◦i )n); · · · ;h((aˆ◦i )1), namely
h
(
n∏
k=1
(aˆ◦i )k
)
= h((aˆ◦i )n); · · · ;h((aˆ◦i )1).
Let aˆ◦i be an element of {aˆ†i , aˆi}. We define a transition |ψ1〉
h(aˆ◦i )−→ |ψ2〉 by
|ψ1〉 h(aˆ
◦
i )−→ |ψ2〉 ⇔ |ψ2〉 = aˆ◦i |ψ1〉 6= 0,
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and define [h(aˆ◦i )]A by |ψ1〉
h(aˆ◦i )−→ |ψ2〉 and (6). Moreover, we suppose the following
condition because of the fermionic nature (1):
(F) There are no |ψ′〉 such that |ψ1〉 h(aˆ
◦
i )−→ |ψ′〉 and |ψ′〉 h(aˆ
◦
i )−→ |ψ2〉.
That is, the possibility of executing the consecutive action h(aˆ◦i );h(aˆ
◦
i ) = h(aˆ
◦
i aˆ
◦
i )
is excluded.
For all |ψ1〉, the existence of |ψ2〉 satisfying |ψ1〉 h(aˆi)−→ |ψ2〉 is equivalent to the
particle i can be found in |ψ1〉, because aˆi |ψ1〉 is not the zero vector. Therefore,
the particle i can be found in |ψ〉 if and only if
|ψ〉 |= 〈h(aˆi)〉> (11)
by the equivalence between (S1) and (S3) mentioned above. Similary, i cannot
be found in |ψ〉 if and only if
|ψ〉 |= 〈h(aˆ†i )〉>. (12)
In words, (11) and (12) means the action h(aˆ◦i ) is executable on |ψ〉.
Note that “i can be found” and just “i is found” mean different things. The
former can be true when the state is a superposition of some states, and one of
them is a state that i is found.
In the logic of QFT, all atomic formulas are a tautology > and a contradiction
⊥. This is because there are no permanence existence in QFT. The existence of
particles should be expressed by not just “i is found” but “i can be found”. In
other words, the truth value of formulas in the logic of QFT depends only on ac-
tions. All existence occur from any truth (i.e. a tautology) and all non-existence
occur from any falsity (i.e. a contradiction) by the creation and anihilation op-
erators.
Two remarkable notions not appeared in quantum mechanics are the so-called
vacuum state |·〉 and the zero vector 0. The former is characterized by the only
state that any particle cannot be found but can create all particles, and the latter
is characterized by the only state that neither i can be found nor i cannot be
found:
{|·〉} = [[
∧
i
〈h(aˆ†i )〉>]],
{0} = [[¬〈h(aˆi)〉> ∧ ¬〈h(aˆ†i )〉>]], (13)
where [[A]] stands for the set {|ψ〉 : |ψ〉 |= A}. Especially, (13) seems to be
counter-intuitive, because it is difficult to imagine the situation that neither i
can be found nor i cannot be found. Strange to say, however, the zero vector
must be conceived just like that from a logical point of view.
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Although we only focus on non-projective operators aˆ◦i thus far, a discussion
of projections is required even in QFT, because (aˆ◦i )
†aˆ◦i is a projection. This is
the most fundamental projection in QFT and is defined as propagator by (2).
Notably, (aˆ◦i )
†aˆ◦i |ψ〉 6= 0 is equivalent to aˆ◦i |ψ〉 6= 0. From a logical point of
view, it is written as
|ψ〉 |= 〈h((aˆ◦i )†aˆ◦i )〉> ↔ 〈h(aˆ◦i )〉>. (14)
In addition to the vacuum state and the zero vector, Pji defined as (3) is
another remarkable notion not appeared in quantum mechanics. From the per-
spective of dynamic logic of QFT, |i, ·〉 |= 〈h(PkjPji)〉> holds. In fact, it follows
from
|i, ·〉 |= 〈h(aˆ†kUkjUjiaˆi)〉>
⇔ |i, ·〉 |= 〈h(aˆj aˆ†j aˆiaˆ†i )〉> ∨ 〈h(aˆ†kUkj aˆj aˆiaˆ†i )〉> ∨ 〈h(aˆj aˆ†j aˆ†jUjiaˆi)〉> ∨ 〈h(aˆ†kUkjUjiaˆi)〉>
(15)
⇔|i, ·〉 |= 〈h(aˆj aˆ†j aˆiaˆ†i + aˆ†kUkj aˆj aˆiaˆ†i + aˆj aˆ†j aˆ†jUjiaˆiaˆ†kUkj aˆj aˆ†jUjiaˆi)〉>
⇔ |i, ·〉 |= 〈h(PkjPji)〉>, (16)
because all components of the disjunction of (15) except 〈h(aˆ†kUkjUjiaˆi)〉> are
false on |i, ·〉.
Finally, we would like to show our result (16) can explain physical phenomena
such as the AB effect [1]. This effect clarifies the significance of electromagnetic
potentials in QFT by stating the existence of a phenomenon which cannot be
explained without them.
Suppose that Uji is the phase difference of aˆi and aˆ
†
j which is given by the
electromagmetic field A, such that
Uji = exp
(
i
∫ j
i
A(x)dx
)
.
In spite of the fact that |i, ·〉 |= 〈h(aˆ†kUkjUjiaˆi)〉> and |i, ·〉 |= 〈h(aˆ†kUkiaˆi)〉>
hold, UkjUji = Uki does not follow in general. In particular, consider the case of
k = i. When topological defects inside the closed integral path i → j → i exist,
UijUji 6= Uii = 1 holds. The difference of the phase UijUji from unity can be
observed experimentally [12].
To sum up, the reason why (16) holds is that h(aˆ†iUijUjiaˆi) is executable on
|i, ·〉, and additionally, h(aˆ†i aˆi) is executable on the same state when UijUji = Uii.
We notice that 〈h(aˆ†iUijUjiaˆi)〉> and 〈h(aˆ†i aˆi)〉> are true on |i, ·〉 independently of
whether UijUji = Uii or not. However, the fact |i, ·〉 |= 〈h(aˆ†i aˆi)〉>, or equivalently
7
|i, ·〉 |= 〈h(aˆi)〉> because of (14), must not be regarded as the reason of (16) when
UijUji 6= Uii.
As (5) indicated above, we have studied our dynamic logic of QFT within
the framework of the so-called local theory in QFT. Therefore, the result (16)
behaves irrational if the locality is lost, exactly the case of the AB effect. This is
the logical view of the AB effect based on our dynamic logic of QFT.
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